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Abstract: In the present note, the stability of stratified Oldroyd viscoelastic fluid in the presence of
suspended particles and variable magnetic field in porous medium has been studied. The case of ex-
ponentially varying density, viscosity, magnetic field and suspended particles is considered. The
system is found to be unstable for the disturbances of all wave numbers for potentially unstable
stratification. The effect of variable horizontal, magnetic field has been discussed in the note. The
growth rate decreases or increases with the increase in particle density and kinematic viscosity;
similarly, the growth rate increases or decreases with an increase in medium permeability and strain
retardation time.

1. INTRODUCTION

The stability of an incompressible heavy fluid of variable density was investigated
by Lord Rayleigh and is termed as the Rayleigh-Taylor instability. Several authors
have studied the Rayleigh-Taylor instability of Newtonian fluid with varying as-
sumptions of hydrodynamics and hydromagnetics and a detailed account of these re-
sults has already been given in the celebrated monograph of CHANDRASHEKHAR [1].
The medium in these problems has been considered to be nonporous. The flow
through porous medium has been of a considerable interest in recent years, particu-
larly among petroleum engineers and geophysical fluid dynamicists [2]. In geophysi-
cal situations, more often the fluid is not pure but may be instead permeated in the
suspended (or dust) particles. Thus, the problem of the Rayleigh—Taylor instability in
fluids in a porous medium is of a great importance in geophysics, soil sciences, ground
water hydrology and astrophysics. Generally, it is accepted that comets consist of
a dusty ‘snowball’ of a mixture of frozen gases. The physical properties of comets,
meteorites and interplanetary dust strongly suggest the importance of the porosity in
astrophysical context (McDONNELL [3]). In stellar interiors and atmospheres, variable
and non uniform magnetic field acts and affects the nature of instability. With the
growing importance of non-Newtonian fluid in industries, chemical technology and
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geographical fluid dynamics much attention is being paid to the investigation of such
fluids. SUNIL and CHAND [4] have studied the Rayleigh—Taylor instability of a plasma
in the presence of a variable magnetic field and suspended particles in porous media.
Also SHARMA and PRADEEP KUMAR [5] have studied the Rayleigh—Taylor instability
of Oldroydian viscoelastic fluids in porous medium in the presence of variable mag-
netic field.

The stability of shear flow of a heterogeneous or stratified fluid has been consid-
ered by many research workers. Recently, the stability of stratified Rivlin—Ericksen
viscoelastic fluid in the presence of suspended particles and variable magnetic field in
porous medium has been studied by SUNIL, SHARMA and RAJENDER SINGH CHANDEL
[6], while the stability of stratified Walters (Model B') viscoelastic fluid in stratified
porous medium is given by SUNIL, DIVYA, SHARMA and VEENA SHARMA [7].

To the best of our knowledge, the stability of stratified Oldroydian viscoelastic
fluid in the presence of suspended particles and variable magnetic field in porous me-
dium has not been investigated so far. So keeping in mind the importance of non-
Newtonian fluids in modern technology and their various applications mentioned
above the present paper is devoted to the consideration of the stability of stratified
Oldroydian viscoelastic fluid in the presence of suspended particles and variable mag-
netic field in porous medium.

2. FORMULATION OF THE PROBLEM AND PERTURBATION EQUATIONS

Let T}, 7y, €y, Oy, P, qi, xi, 1, A and A (<A) denote, respectively, the total stress ten-

sor, shear stress tensor, rate of strain tensor, Kronecker delta, scalar pressure, velocity,
position vector, viscosity, stress relaxation time and strain retardation time. Then the
Oldroydian viscoelastic fluid is described by the constitutive relations

T, =-Po; +1y,

d d
I+ A—|r, =24/ 1+ A — le;, 1
( dtjf” #[ % dtje” M

. 0q;
ei-:l %.’_i ,
() ox;  ox

1

where

4 = 9o +qV
dt ot
is the ‘convective derivative’. Relations of the type (1) were proposed and studied by

Oldroyd. He also showed that many rheological equations of state, of general validity,
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reduce to (1) when linearized Ao = 0 gives the fluid to be Maxwellian, whereas 1 = 4
= 0 yields the Newtonian viscous fluid. When a fluid flows through a homogeneous
and isotropic porous medium, the gross effect is represented by Dracy’s law. As
a result, the usual viscous term is replaced by the resistance term

where k; and v denote, respectively, the medium permeability and the filter velocity.

Here we consider a static state in which an incompressible, electrically conducting
Oldroydian fluid layer of variable density is arranged in horizontal strata in the pres-
ence of suspended particles and a variable horizontal magnetic field. The pressure P
and density p are functions of vertical z-coordinate only. The character of the equilib-
rium of this initial state is determined by supposing that the system is slightly dis-
turbed and then by following its further evolution. The fluid is under the action of the
gravity g(0,0,—g) and the magnetic field H= (H,(z),0,0). This fluid layer is as-
sumed to be flowing through an isotropic and homogeneous porous medium of the
porosity & and medium permeability ;.

Let P, p, i and v (u, v, w) denote, respectively, the pressure, the density, the vis-
cosity and the velocity of pure fluid, u(x,?) and N(x,?) denote the filter velocity and

the number density of the suspended particles. K = 6nun, where 7 is the particle ra-
dius, is the Stokes drag coefficient. u =(/,r,s) and x =(x,y,z). Let g, £and k; stand

for acceleration due to gravity, medium porosity, medium permeability. Let £, denote
magnetic permeability. Then the equations of motion and continuity for Oldroydian
viscoelastic fluid with suspended particle and horizontal variable magnetic field in
porous medium are

3(1 +2 g){a_v + (ﬁ.V)ﬁ}
& ot )| ot
_ 9\ _ 5,4 He Ty it 4 KNV sy A 9
_(“—;tﬁtj{ VP +gp+ . (VxH)xH}+ . (u v)} L [1+/10 atjv, ()
V.5 =0, 3)
V.H =0, 4)
gaa—il =(HV)V-(¥.V)H. (5)

Since the density of a fluid particle remains unchanged as we follow it with its
motion, we have
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gi—’;' +(#V)p =0. (6)

In the equation of motion (2), assuming uniform particle size, spherical shape and
small relative velocities between the fluid and particle, the presence of particle adds an
extra force term, in the equation of motion (2) proportional to the velocity difference
between particles and fluid.

The force exerted by the fluid on the particles is equal and opposite to that exerted
by the particles on the fluid. Interparticle reactions are ignored for we assume that the
distances between the particles are large compared with their diameters. If mN is the
mass of the particles per unit volume, then the equations of motions and continuity for
the particles are

mN{aa—LZ + (ﬁ.V)ﬁ} = KNG — i), (7)
aa—];[+V(Nﬁ) =0. (8)

Let dp, 0P, v(u,v,w), u(l.r.s) and E(hx,hy,hz) denote, respectively, the pertur-
bation in the fluid density p, the fluid pressure P, the fluid velocity (0,0,0), the particle
velocity (0,0,0) and the magnetic field H (H,(2),0,0); then the linearized hydromag-

netic perturbation equations of Oldroydian viscoelastic fluid in porous medium with
suspended particles are

B(Hﬂg)a—v=El+l%){—VéP+§5p+%{(VX}3)xﬁ
T

g ot ) ot
+(fo1)xﬁ}+ﬂ(a—9)}—ﬁ(1+%ﬁjv, ©)
& k, ot
V¥ =0, (10)
V.h=0, (11)
gg—’: =(HV)y-(WV)H, (12)
525,0 =-w(Dp) (13)
ot ’

(ﬂgﬂ)ﬁzﬁ, (14)
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oM

—+Vu=0, 15
Py (15)
where:
-
NO

No and N stand for initial uniform number density and perturbation in number density,
and

D=—.
dz

3. DISPERSION RELATION
Analyzing the perturbation into normal modes, we assume that the perturbation
quantities have an x, y and ¢ dependence of the form

exp(ik,x +ik,y +nt), (16)

where k,, k, are the wave numbers along x and y directions, respectively, k =, ka + ky2

is the resultant wave number of disturbance and » stands for the growth rate which is,
in general, a complex constant. For perturbations of the form (16) equations (9)—(14),
after eliminating u , give

l{p + mN }(1 + An)nu
£ tn+1

=1+ ﬁn)[— ik 5P + 2’6 h, (DHO)} - kﬁ(l + Ay, (17)
T
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, He rr . ]
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& tn+l1

l{p + mN }(1 + An)nw

=1+ in)[— DSP - gdp+ %(ikthHo — H,Dh,_ - hxDHO)} —kﬁ(l + 2w, (19)
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iku+ik,v+Dw=0, (20)
ik h, +ik,h,+Dh, =0, 21

enh, =ik Hu—wDH,,
enh, =ik H,v, (22)
enh, =ik H,w,

enop =-wDp, (23)

where 7=m/K.
Eliminating oP, Jp, u, v, hy, h,, h. between (17)-(19) and using (20)—(23) we ob-
tain

2
(1+ An)| {D(pDw) -k’ pw} +%(Dp)w—#H§k§kzw

2
L Ky D(HDW) + S {D(nNDw) = i
Y

(tn+1

+ik(1 + A D(uDW) = & paw] = 0. (24)
G

4. THE CASE OF EXPONENTIALLY VARYING DENSITY,
VISCOSITY, MAGNETIC FIELD AND SUSPENDED PARTICLES

Here we consider the stratification in magnetic field, density, viscosity and sus-
pended particles in the fluid of the depth d as

p=pe”, p=pe’, H=Hie’” and N=Nge™”, (25)

where po, 110, Ho, Ny and [ are constants. Equations (25) imply that the coefficient of
kinametic viscosity v and the Alfven velocity V, are constant everywhere.

Substituting the values of p, g, H(f, N in (24) and neglecting the effect of hetero-
geneity on inertia and solving the equation we arrive at

2
(D* —K*)w+ 8Pk — w=0, (26)
21+ (1"'/10”)&4_]%[//1 +mN0/p0
n(1+An) k, n’ (tn+1)

where
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H2
V():ﬂ, VAZ:/ue 0

Po 4mpo,

m
and 7=—

are constants.

Assume that the system is restricted by two planes z = 0 and z = d and that both the
boundaries are free.

The boundary conditions for the case of two free surfaces are

w=D*w=0 at z=0 and z=d. (27)
The proper solution of equation (26) satisfying (27) is
mnz

w=w,sin—, 28
osin— (28)

where wy is a constant and m is an integer. Substituting (28) in (26) and simplifying
we obtain

um4+n{r+l+zﬂﬁW) ﬂmA%}+n P+[@wn%)+g%—+mN'J
ky Po ky Po

2 2 2
vod| k22— BB BV ey k2 Z8BELLL e _8BKT | (29
x" A L k x" A L x" A L
1

where

2_2
m-'T

d2
For the stable stratifications (£ < 0), equation (29) does not have any positive root

of n implying thereby that the system is stable for disturbances of all wave numbers.
For the unstable stratifications (£ > 0), the system is stable or unstable depend-

ing on whether kaAz is greater than or less than gk*/L, i.e,

L= +k

2 2
V2 s g/i" or k2 <8P

The system is clearly unstable for > 0 in the absence of a magnetic field and is
also unstable if

2
HV;<§Q£:

X

However, the system can be completely stabilized by a large magnetic field as can be
seen from equation (29) if
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2 gﬂkz
V> 2L

X

The magnetic field therefore succeeds in stabilizing wave numbers in the range

2
i >g—€sec2 9—(ﬂj , (30)
% d

A

which are unstable in the absence of magnetic field. Here 6 is the angle between £, and
k (i.e., k. = kcos 0).

The viscoelasticity, the medium permeability and the suspended particles do not
have any qualitative effect on the nature of stability nor instability.

Thus, if

2
£>0 and kaj<#

equation (29) has one positive root and one negative root. Let n, denote the positive
root of (29), then

ki Po 1 Po
2 2 2
m{kjvj _%ﬂ ; n{%ﬂﬂ z){ijj _%H +[ijj _%} _0. (D

z'ﬂ,ng+n3|:1'+/l+ TﬂogVo +/1mNO:|—|—}’l§|:1+(T+ﬂo)+%+m_]v0

1

To study the behaviour of the growth rate of unstable modes with respect to kine-
matic viscosity, medium permeability, stress relaxation time and strain retardation
dn, dn, dn,

. . . ) dn
time and particle number density, we examine the natures of —2, T da
0

dv, dk,

dn,

and analytically. Equation (31) yields

0
Y0 (220 0+ 1)
— kl

4n37/1+3n§{r+ A +W’+M’}+2no{l + (14 4y) 20
ki Po ki

(32)
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Let
_ dngtd+3ng| T+ A+ oty + AmN
T+ A+2n,7A k, Lo
+2n0[1+(r+/1 )gv0 mN‘)}rﬂ =R
ky Po ky
and

2
L — rn0+1+mN° =S.
(1+7n,) Po

It is evident from (35) that either

. k> %
) jev; -2 v -

<R and S or > R and S, then % is negative.

(i) S > [k2V} - gﬂ i > R, then CZ; is positive.

Thus, the growth rates decrease or increase with an increase in stress relexation
time. Also, it is evident from (32), (33), (34) and (36) that if

<R

2 2
e K2 _% >R

2

then

dn, dn,
and —+
dN, dv,

are always negative or positive and

dn,, dn,,
dk, d,

are always positive or negative.

The growth rates, therefore, decrease or increase with an increase in particle den-
sity and kinematic viscosity; similarly, growth rates increase or decrease with an in-
crease in medium permeability and strain retardation time.

Thus, the growth rates both increase (for certain wave numbers) and decrease (for
different wave numbers) with an increase in kinematic viscosity, medium permeabil-
ity, suspended particles number, density, stress relaxation time and strain retardation
time.
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